I Introduction
The concept of coherent states was introduced by Schrödinger [1] in the context of a harmonic oscillator. These harmonic oscillator coherent states, also called canonical coherent states, have been widely used in physics [2, 3, 4, 5, 6] . The next important coherent states are spin coherent states or SU(2) coherent states which are associated with angular momentum or the SU(2) group. Like canonical coherent states, they too have found wide applications in different branches of physics such as quantum optics, statistical mechanics, nuclear physics and condensed matter physics [2, 5, 6, 7, 8] . It is known that these spin coherent states can also be constructed using harmonic oscillators by exploiting either the HolsteinPrimakov or the Schwinger boson representation of the SU(2) Lie algebra [9, 10, 11] . This harmonic oscillator formulation of spin coherent states is appealing because of its simplicity as this construction is analogous to the simplest and oldest canonical coherent state construction. Further, unlike the standard construction of coherent states [6] , this method does not require any knowledge of group representations or group elements and their actions on a particular weight vector, leading to many technical simplifications (see section II). Infact, these SU(2) coherent states in terms of harmonic oscillators have been implicitly contained in the seminal work of Schwinger [9] way back in 1952. The aim of the present work is to show that the above simple, uniform and explicit construction of canonical and spin or SU(2) coherent states can also be easily extended to all higher SU(N) groups. This is in contrast to the standard construction of SU(N) coherent states (i.e., by applying the SU(N) group elements on a particular weight vector) which is known to become more and more tedious as N increases [12, 13] . In the past, this problem has led to various different approaches [12, 13, 14, 15, 16, 17, 18 ] to construct SU(3) and SU(N) coherent states. In [12] SU(N) coherent states belonging to SU(N) symmetric representations are constructed by using fixed order polynomials of complex N-plets. In [13] a very special characterization of SU(N) group elements is exploited to construct SU(N) coherent states. In [14, 15, 16] Schwinger boson representation of SU(N) Lie algebra is used to construct SU(N) coherent states. In [17] the Schwinger oscillator representation of SU (3) 1 manu@bose.res.in 2 indrakshi@bose.res.in coherent states is analyzed to discuss its relationship with the standard harmonic oscillator coherent states. In [18] SU(3) coherent states are constructed using a special parametrization of SU(3) group elements.
The present work exploits the SU(N) irreducible Schwinger bosons [19, 20] to construct SU(N) coherent states belonging to an arbitrary irreducible representation of SU(N). By definition, the SU(N) irreducible Schwinger bosons creation operators carry all the symmetries of SU(N) irreducible representations (see section III and IV).
As a result all SU(N) irreducible representation states are monomials (not polynomials) of SU(N) irreducible Schwinger boson creation operators acting on the corresponding vacuum states. Therefore, as in the case of canonical and spin coherent states, they are the natural candidates for constructing the SU(N) coherent states.
These coherent states are defined on the SU(N) group manifold characterized by an orthonormal set of (N − 1) complex SU(N) vectors. In addition, the SU(N) coherent states are labeled by the integer eigenvalues of (N − 1) Casimir operators which are the (N − 1) types of Schwinger boson number operators (see sections III and IV).
The organization of the paper is as follows. We start with a very brief discussion on harmonic oscillator or canonical coherent states because the SU(N) coherent state construction in this work is analogous to this simplest construction. In section II, we illustrate this similarity by constructing SU(2) coherent states in terms of a doublet of harmonic oscillators or equivalently SU(2) Schwinger bosons. As mentioned earlier, this construction has been exploited by Schwinger [9] to compute SU(2) recoupling coefficients. At the end of section II, the simplifications obtained by this Schwinger boson approach to coherent states over the standard approach of applying a SU(2) group element on a particular weight vector are highlighted. In sections III and IV we further extend the above SU(2) construction to SU(3) and SU(N) respectively. These SU(3) and then SU(N) extensions of SU(2) coherent states are again trivial as they correspond to:
• replacing SU(2) Schwinger boson doublet by (N − 1) SU(N) irreducible Schwinger bosons N-plets,
• replacing SU(2) group manifold (i.e., a doublet of complex numbers) by SU(N) group manifold (i.e., N − 1 N-plets of complex numbers).
The section III on SU(3) is added to make the transition from SU(2) (section II) to SU(N) (section IV) easy.
In the simplest example of the Heisenberg-Weyl group, the Lie algebra contains three generators. It is defined in terms of creation annihilation operators (a, a † ) satisfying
This algebra has only one infinite dimensional unitary irreducible representation. The states within this representation are the occupation number states |n ≡
with n = 0, 1, 2... . The coherent states of the Heisenberg-Weyl group are defined over a complex manifold as:
In (2) the subscript [∞] on the coherent states is the irreducible representation index. It implies that these coherent states are defined over the infinite dimensional irreducible representation of the group. The sum in (2) runs over all the basis vectors |n belonging to this infinite dimensional representation. The coefficients:
are the coherent state expansion coefficients which are analytic functions of the group manifold coordinate z. The purpose of this work is to generalize (2), (3) for Heisenberg-Weyl group to SU(N) for arbitrary N (see (10) , (12) for SU(2); (30), (32) for SU(3) and (47), (49) for SU(N)). We start with SU(2) construction [9, 10] first.
II SU(2) Coherent States
The Heisenberg Weyl coherent state construction can be readily generalized to the simplest compact group SU(2) by utilizing the Schwinger representation of SU(2) Lie algebra:
We define [9] :
In ( 
The defining equations (4) imply that the SU(2) Casimir operator is simply the total number operator:
The eigenvalues of C will be denoted by n. The various states in the irreducible representation n(= 2 j) are:
The corresponding SU(2) Young tableau is shown in Figure ( 1) . Note that the state in (7) is invariant under all n! permutations of the SU(2) indices α 1 , α 2 , · · · , α n . This is because all SU(2) creation operators on the right hand side of (7) commute amongst themselves. In other words, the SU(2) Schwinger boson creation operators carry the the symmetries of the SU(2) Young tableau 3 which is shown in Figure (1) . Therefore, the (n + 1) states in (7) belong to SU(2) irreducible representation with total angular momentum j = n 2 .
The SU(2) group manifold S 3 can also be described by a doublet of of complex numbers (z 1 , z 2 ) of unit magnitude:
This is because any SU(2) matrix U 2 can be written as: (7) carries the horizontal permutation symmetries of this Young tableau.
At this stage one can trivially combine the SU(2) irreducible states in (7) and the SU(2) group manifold coordinates in (8) to construct the generating function of the SU(2) coherent states:
Above
is the coherent state in the SU(2) representation j = n/2:
Like in Heisenberg Weyl case (3), the SU(2) coherent state structure functions in the irreducible representation j = n 2 are:
Note that they are analytic functions of group manifold coordinates. The resolution of identity property again follows from the group transformation laws. The coherent state structure in (10) and the the SU (2) transformations (5) imply that under group transformations:
[n] where z ′1 , z ′2 are the SU (2) rotated coherent state co-ordinates:
Therefore, under the SU(2)transformations the coherent states |z ≡ |z 1 , z 2 transform amongst themselves on S 3 as the constraint (8) remains invariant under (13) . Again we define the operator:
The operator O [n] is invariant under all SU(2) transformations of the coherent states |z [n] . Therefore,
The Schur's Lemma implies that O [n] is proportional to identity operator. Before generalizing (10) to SU(N), it is illustrative to briefly mention the standard group theoretical coherent state construction procedure [6] . We characterize the SU(2) group elements U by the Euler angles, i.e, U(θ, φ, ψ) ≡ exp − iφJ 3 exp − iθJ 2 exp − iψJ 3 . The SU(2) coherent states are constructed as:
The coefficients C m (θ, φ, ψ) are given by,
It is clear that the corresponding construction is difficult for higher SU(N) group as we need to know all the SU(N) representations, Euler angles and the group elements to implement this procedure. On the other hand, the coherent states in (10) are straightforward generalization of the Heisenberg-Weyl coherent states in (2) and bypass all the problems mentioned above. Our aim in this work is to further extend this simple coherent state construction to SU(N) with arbitrary N. As we will see the only new input required for this purpose is the replacement of SU (2) Schwinger bosons by SU(N) irreducible Schwinger bosons [19, 20] . We first deal with SU(3) group in detail.
III SU(3) Coherent States
We start with a brief review of SU(3) irreducible Schwinger bosons [19, 20] and then construct SU(3) coherent states.
III.1 The Irreducible Schwinger Boson Representations of SU(3)
As the rank of SU(3) group is two, we need two independent triplets to construct any arbitrary irrep of SU(3).
We take them to be two independent harmonic oscillator triplets or equivalently Schwinger boson and denote them by: a † α [1] and a † α [2] . The SU(3) generators in terms of these Schwinger bosons are:
The defining equations (16) immediately imply that the two SU(3) Casimirs commuting with all the generators are the two total number operators: The monomial states constructed out of the two SU(3) fundamental Schwinger bosons:
a [1] a [1] a [1] a [1] a [1] a [1] a [2] a [2] a [2] (3) Young tableaux as the Schwinger bosons creation operators on the right hand side commute amongst themselves. However, the vertical antisymmetry needs to be imposed to get SU(3) irreducibility. We achieve this by imposing the following constraint [20, 21] :
on the monomial states (19) . As an example, the simple [n 1 = 1, n 2 = 1] irreducible representation of SU (3) corresponds to the anti-triplet 3 * and the corresponding states are given by:
The three states in (21) trivially satisfy the constraint (20) as they are anti-symmetric. Therefore, they belong to SU(3) irreducible representation 3 * . In recent works [20, 19] we have defined SU(3) irreducible Schwinger bosons A † [i] with i = 1, 2 as:
The SU(3) irreducible Schwinger bosons in (23) are constructed such that [19, 20] :
Where, '≃ 0' means that the commutators are weakly zero. In other words, the above commutators annihilate all SU(3) irreducible states satisfying (20) . The irreducible Schwinger bosons further satisfy:
The defining equations (??) imply that their transformation properties are exactly same as (33):
We now consider the most general monomial state constructed out of SU(3) irreducible Schwinger bosons:
This monomial state directly creates the SU(3) Young tableau with n 1 and n 2 boxes in the first and second rows respectively. This is because the inbuilt constraint (20) 
III.2 Construction of SU(3) Coherent States
Similar to SU (2) case (8) and (9), the eight dimensional SU(3) group manifold can be characterized by two complex triplets: z α [1] and z α [2] (α = 1, 2, 3) which satisfy the orthonormality constraints:
This is because any SU(3) matrix U 3 can be written as:
with U 3 U † 3 = U † 3 U 3 = 1 and det(U 3 ) = |U 3 | = 1 due to the orthonormality constraints (28).
We define the SU(3) coherent states generating function as:
Note that this construction is SU(3) extension of SU (2) 
In (31) the SU(3) coherent state structure functions,
are analytic functions of SU(3) group manifold co-ordinates. Like in SU(2) case, the resolution of identity property follows from the group transformation laws. Using the SU (3) transformations (26), we find that the SU(3) coherent states transform as:
Again like in SU (2) 
with SU(3) Haar measure
is invariant under all SU (3) transformations (33):
Therefore, by Schur's Lemma O [n 1 ,n 2 ] is proportional to identity operator.
The SU(3) coherent states (31) and the structure functions (32) are straightforward generalization of the SU (2) coherent states (10) and the corresponding structure functions (12) respectively. The latter, in turn, are SU(2) generalization of the oldest Heisenberg-Weyl or harmonic oscillator coherent states (2) and the associated structure functions (3).
IV SU(N) coherent state
Like the previous section on SU (3) , this section has two parts. In the first part we briefly describe the SU(N) irreducible Schwinger bosons [20] and in the second part we exploit it to define SU(N) coherent states.
IV.1 Irreducible Schwinger Boson Representations of SU(N)
The rank of SU(N) group is (N − 1). Therefore, the fundamental constituents required to construct any arbitrary irrep. of SU(N) can be chosen to be N−1 independent Schwinger boson N-plets:
with α = 1, 2, 3, .., N. The SU(N) generators in terms of these Schwinger bosons are:
Above 
The defining equations (36) imply that the (N − 1) Casimirs associated with SU(N) group, denoted by C i , are the (N − 1) number operators
a [1] a [1] a [1] a [1] a [1] a [1] a [1] a [1] a [1] a [2] a [2] a [2] a [2] a [2] a [3] a [3] a [3] a [1] a [1] a [1] a [2] a [2] a [2] a [2] a [3] a [3] a [3] a monomial eigenstate:
satisfies
However, like in SU(3) case (19) , these states are SU(N) reducible due to the presence of SU(N) invariants.
These invariants can be removed by implementing the symmetries of the associated SU(N) Young tableau in Figure 3 which contains n i boxes in the i th row.
Like in SU(3) case we impose the following
constraints [21, 20] :
on the monomial states (39). Like in SU (3) 
In ( (n 1 , .., n N−1 ) is given by,
The defining equations (41) imply that the SU(N) irreducible Schwinger bosons also transform as SU(N) N-plets:
Therefore, as in SU (2) , . . . , α
[1]
A †α
0 carries all the symmetries of an SU(N) Young tableaux shown in Figure 3 .
IV.2 Construction of SU(N) Coherent States
Like in SU(2) and SU(3) cases in (8) and (28) 
With the above parametrization any SU(N) matrix has the following form:
At this stage we generalize (11) and (31) to define the SU(N) coherent state generating function as: 
,..,α
In (48) the SU(N) coherent state structure functions are given by:
..α 
The states in (48) depend smoothly on the SU(N) group manifold coordinates. We now check the resolution of identity. Like in the previous SU(2) and SU (3) 
In (51) 
In (53) I [n 1 ,n 2 ,··· ,n N−1 ] is proportional to identity operator in the irreducible representation subspace. We again emphasize that the SU(N) coherent states in (48) are the most straightforward extension of the Heisenberg Weyl, SU(2) and SU(3) coherent states in (2), (11) and (31) respectively.
V Conclusions
We have exploited SU(N) irreducible Schwinger boson creation operators to construct SU(N) coherent states.
This construction is analogous to the simplest and the oldest harmonic oscillator coherent state construction. This procedure is iterative in N. It is also self contained as it does not require any prior knowledge of SU(N) group elements and their representations. This novel SU(N) coherent state construction can be used to compute SU(N) Clebsch-Gordan and recoupling coefficients. This amounts to generalizing the Schwinger method to compute these coefficients for SU(2) (see section 3 of [9] on the addition of angular momenta) to SU(N). This is particularly interesting as these SU(N) coupling coefficients for arbitrary N are not yet known in closed form.
The work in this direction is in progress and will be reported elsewhere.
